Abstract. We represent algebraic curves via commuting matrix polynomials. This allows us to show that the canonical Obata connection on the Hilbert scheme of cohomologically stable twisted rational curves of degree d in P 3 \P 1 is flat for any d ≥ 3.
Hilbert schemes of points in C 2 and commuting matrices
We begin with the following easy observation (cf. [10] ): Proposition 1.1. There exists a set-theoretic bijection between the Hilbert scheme (C k ) [n] of n points in C k and GL(n, C)-orbits of k-tuples (A 1 , . . . , A k ) of n × n matrices such that C[A 1 , . . . , A k ] is an n-dimensional commutative algebra which is conjugate to its regular representation.
Proof. A point in the Hilbert scheme (C k ) [n] is defined by an ideal I ⊂ C[z 1 , . . . , z k ] of length n, i.e. such that dim C[z 1 , . . . , z k ]/I = n. Multiplication by z i , i = 1, . . . , k, defines an endomorphism A i of C[z 1 , . . . , z k ]/I. Clearly the A i commute and dim C[A 1 , . . . , A k ] = dim C[z 1 , . . . , z k ]/I = n. Moreover, directly from the construction, C[A 1 , . . . , A k ] is conjugate to its regular representation. Conversely, given
The first author is associated to, and the second author is fully supported by the DFG Priority Programme 2026 "Geometry at infinity". k commuting matrices A 1 , . . . , A k with dim C[A 1 , . . . , A k ] = n we define a homomorphism C[z 1 , . . . , z k ] → C n ≃ C[A 1 , . . . , A k ] via p(z 1 , . . . , z k ) → p(A 1 , . . . , A k ). Clearly it is surjective and its kernel is an ideal of length n. Moreover this ideal does not change under simultaneous conjugation of A 1 , . . . , A k , and so we obtain a well-defined point of (C k ) [n] . Since we assume that C[A 1 , . . . , A k ] is conjugate to its regular representation, the two maps are inverse to each other. Remark 1.2. The condition that the algebra A = C[A 1 , . . . , A k ] is conjugate to its regular representation is equivalent to the existence of a cyclic vector for A. This is the same argument as in [10, p.8] . Also, the set k-tuples (A 1 , . . . , A k ) of commuting n × n matrices with dim C[A 1 , . . . , A k ] = n, but not having a cyclic vector is open in the set of all such k-tuples. Indeed, due to the Cayley-Hamilton theorem, any element of C[A 1 , . . . , A k ] belongs to the linear span of A 
This is a closed condition. Our aim in this section is to show that for k = 2 there exists a geometric quotient of pairs commuting matrices satisfying the condition of the above proposition and that the above bijection is a scheme-theoretic isomorphism. This is a reformulation of Nakajima's description, which allows us to avoid the cyclic vector.
The key ingredient is the following theorem of Neubauer and Saltman [11] Theorem 1.3 (Neubauer-Saltman). Let A and B be two commuting n×n matrices. Then the following conditions are equivalent: Let us write M n for the variety of pairs of commuting n × n matrices and define Proof. The dimension of the stabiliser of (A, B) must be at least n. Since on M 0 n we have equality, all orbits in M 0 n have minimal dimension, hence are closed. Since M 0 n is smooth, Corollary 1.6 in [9] and Theorem 3.21 in [12] show there exists a good quotient
n / / GL(n, C). Since the action of GL(n, C) on M 0 n is closed, ψ is a geometric quotient by [12, Prop 3.11 iii] . Thus the orbit space Q n = M 0 n /GL(n, C) is a normal scheme. The structure sheaf O Qn is given by fibre-constant local holomorphic functions on M 0 n , i.e.
n be the open subscheme of Q n obtained by restricting ψ to M reg n . We can now prove:
be the bijection defined in Proposition 1.1. It is enough to show that φ is holomorphic, as any bijective morphism between normal varieties is an isomorphism by Zariski's Main Theorem. For this, in turn, it is sufficient to prove that φ is holomorphic away from a subset A of codimension 2, since then for any local holomorphic function f on Q
[n] consisting of 0-dimensional schemes D such that # supp D ≥ n − 1 (i.e. at most 2 points coincide). Its complement has codimension 2. An element D ∈ H 0 either corresponds to n distinct points p 1 , . . . , p n ∈ C 2 or to the union of n − 2 distinct points and a double point supported at p i = p j . The corresponding orbit of commuting matrices A, B in the first case is simply the S n orbit of diagonal matrices A = diag(x i ), B = diag(y i ), where p i = (x i , y i ) and so φ is clearly holomorphic on the subset of such D. In the second case the corresponding orbit is the S n−2 -orbit of matrices A, B with diagonal entries equal to x i and y i , (A ij , B ij ) = (0, 0), and all other nondiagonal entries equal to 0. It is easy to see that a neighbourhood of such a pair (A, B) modulo GL n (C) is biholomorphic to a neigbourhood of D in the blow-up of n 1 C 2 in {p i = p j } modulo S n , and with this identification φ becomes simply the identity map on this neighbourhood.
Curves and commuting matrices
We now wish to describe a correspondence between finite coverings of P 1 and certain commuting matrix polynomials.
2.1. Flat projections. Let C be a compact connected algebraic curve (i.e. a Cohen-Macaulay scheme of pure dimension 1) of arithmetic genus g and π : C → P 1 a flat projection of degree d. We consider the sheaf of algebras π * O C . As a sheaf of O P 1 -modules it is locally free, i.e. a vector bundle of rank d, which we denote by E π . It has a trivial summand and all remaining summands have a negative degree. Moreover the degree of E π is equal to
. . , A d of polynomials in one variable with A 1 = 1 and the (i, j) entry of A l having degree k i −k j +k l . Moreover these matrices commute, since
Clearly the freedom in choosing the matrices A l is equivalent to the choice of the isomorphism (2.1).
Conversely, let R be such a d-dimensional commutative subalgebra of Mat d×d (C[t]) with identity. Then R is integral over C [t] . Consider the matrices A ′ l over C[1/t] obtained by conjugating A l by diag(t k1 , . . . , t k d ) and dividing by t k l . We obtain a commutative ring R ′ , integral over C[1/t]. The affine curves Spec R and Spec R ′ have an obvious gluing and we obtain a curve C together with a projection
. Each fibre C t is a 0-dimensional scheme of length d and so the projection C → P 1 is flat. It is clear that the constructions are inverse to each other. 
Projective curves.
Suppose now that C is a connected curve of degree d in P r \P r−2 , not contained in any hyperplane, and let the projection π be the restriction of the projection
Since E π has exactly one trivial summand and all other summands have negative degree, each φ i is an isomorphism onto a summand. Moreover, since C is not contained in any hyperplane, these summands are all distinct. Thus k 2 = · · · = k r = 1 in (2.1). Since O Ct is generated by z 1 , . . . , z r−1 , the matrices A 2 (t), . . . , A r (t) generate C[A 2 (t), . . . , A d (t)] for each t. We conclude:
Proposition 2.2. There exists a 1 − 1 correspondence between:
not contained in any hyperplane and such that the projection π onto the complementary P 1 is flat, while φ is a fixed isomorphism
and
has dimension d and is conjugate to its regular representation. ✷ Example 2.3. Let C be a smooth curve of degree r in P r \P r−2 . Such a curve is cut out by the 2 × 2 minors of a 2 × r matrix of linear forms in homogeneous coordinates z 1 , . . . , z r+1 . Thus we obtain r 2 quadratic equations. Since we assume that the projection onto [z r , z r+1 ] is flat, the matrix of coefficients of z i z j , i, j ≤ r − 1, is invertible and we can write the equations in affine coordinates t = z r /z r+1 ,
where a ij are linear in t and b ij is quadratic in t. It follows that the commuting matrices A 2 (t), . . . , A r (t) are given by
Example 2.4. The correspondence in Proposition 2.2 commutes with projections. Thus, if C is a curve of degree d in P r \P r−2 obtained by projection onto the first r coordinates from a curveĈ in P n \P n−2 , then the matrix polynomials A 2 (t), . . . , A r (t) corresponding to the curve C are simply the first r − 1 matrix polynomials corresponding to the curveĈ.
Example 2.5. Let C be a rational curve of degree 4 in
. We can either use the previous example or proceeed directly as follows: if we set x = z 0 /z 3 , y = z 1 /z 3 , t = z 2 /z 3 , then the ideal of C is generated by
It follows that O(C t ) is spanned by 1, x, y, y 2 for t = ∞ and by 1, x, y, x 2 for t = 0. Computing the endomorphisms x · ( ) and y · ( ) gives:
Example 2.6. Let C a complete intersection of two quadrics in P 3 , given by equations Q 1 (x, y, t) = 0, Q 2 (x, y, t) = 0. LetQ 1 (x, y),Q 2 (x, y) be the parts involving only x, y and letQ 3 (x, y) be the quadratic polynomial in x, y independent ofQ 1 ,Q 2 . Then O(C t ) is spanned by 1, x, y,Q 3 , and hence
In particular, the arithmetic genus of C is 1. Generically, such a C is a smooth elliptic curve, but if Q 1 and Q 2 are two of the three quadrics defining a twisted cubic, then C is the union of this cubic and a line, intersecting in two points.
Space curves
We consider the fibrewise Hilbert scheme Z d of d points for the projection π :
It is a (2d + 1)-dimensional complex manifold with a holomorphic projection p :
is a twistor space of a pseudo-hyperkähler manifold: it comes equipped with an antiholomorphic involution σ covering the antipodal map on P 1 (induced from the standard antiholomorphic involution on the total space of O P 1 (1) ⊕ O P 1 (1) (which is isomorphic to P 3 \P 1 ) and an O P 1 (2)-valued symplectic form ω along the fibres of π, again induced from the O P 1 (2)-valued fibrewise symplectic form on the total space of O P 1 (1) ⊕ O P 1 (1) (recall [1] that the Hilbert scheme of d points on a symplectic surface has a canonical symplectic structure). The pseudo-hyperkähler manifold is then the Kodaira moduli space of σ-invariant sections of p, the normal bundle of which splits as O (1) ⊕2d [8] . Sections of p : Z d → P 1 correspond to curves of degree d in P 3 \P 1 , flat over P 1 . We can relate the normal bundle N s/Z d of a section to the normal sheaf N C/P 3 of the corresponding curve as follows:
Proof. The normal bundle of a section is isomorphic to the restriction of the vertical tangent bundle Ker dp of Z d to the section. Since Z d is the fibrewise Hilbert scheme of points, the fibre of the vertical tangent bundle at
2 is the fibre containing D. On the other hand the ideal of D in F is just J C ⊗ O F , where J C is the ideal of C in P 3 . Thus N D/F = N C/P 3 ⊗ O F , and hence the function
) is constant. It follows from a result of Grauert [6, Cor. III.12.9] that π * N C/P 3 is locally free. Therefore both π * N C/P 3 and N s/Z d are vector bundles and the natural map π * N C/P 3 → N s/Z d is an isomorphism on fibres.
Corollary 3.2. The normal sheaf of a Cohen-Macaulay curve in P
3 is torsion-free. ✷ Remark 3.3. The map Φ sending a curve to a section of p : Z d → P 1 is a bijection between:
1) an open subset of the Douady space of P 3 \P 1 consisting of degree d curves which are flat over P 1 , and 2) the Douady space of sections of p :
It follows from the construction that Φ maps a flat family C(t) of curves to a flat family of sections, so that Φ is a morphism of complex spaces. Moreover, according to Lemma 3.1, dΦ is an isomorphism of the Zariski tangent spaces of these two Douady spaces. This is not enough to conclude that Φ is a biholomorphism, but it does imply that it is a biholomorphism on the smooth parts of the Douady spaces, i.e. where
is sufficient for the smoothness of the Douady space of Cohen-Macaulay curves in P 3 [7, Cor.
8.5]).
Lemma 3.1 implies that the normal bundle of a section splits as O P 1 (1) ⊕2d if and only if H * (C, N C/P 3 (−2)) = 0. As mentioned at the beginning of the section, the parameter space of curves satisfying this condition has a natural complexified pseudo-hyperkähler structure and on its σ-invariant part a genuine pseudohyperkähler structure [3] . We now want to investigate this parameter space via commuting matrix polynomials.
First of all, according to §1, Z d is biholomorphic to the quotient of 
, where λ = diag(λ 1 , . . . , λ d ). Thus, after taking the fibrewise quotient by GL(d, C) , we obtain the same complex manifold, independently of the choice of E.
Let now C be a connected non-planar curve of degree d in P 3 \P 1 , flat over P 1 . If C satisfies π * O C ≃ E, then the corresponding section of p : Z d → P 1 arises as the projection of a section of K(E) → P 1 , i.e. it can be represented by a pair of commuting matrix polynomials, the degrees of which satisfy the constraints of part B in Proposition 2.2. We should like to remark that this gives constraints for possible degrees of commuting pairs of polynomials A(t), B(t), such that dim Z(A(t), B(t)) = d for each t.
Let Z denote the bundle of centralisers of (A, B), i.e. a subbundle of End(E), the fibre of which over each t is spanned by Z(A(t), B(t)). Let T denote the kernel of the homomorphism
We have a short exact sequence of locally free sheaves on P 1 :
where N is the normal bundle of the section in Z d and the first map is given by
Lemma 3.5. Z ≃ E and if we write
is the isomorphism with the direct sum of the first two summands.
Proof. Let C be the curve in P 3 \P 1 determined by A(t), B(t). We know that
. Each summand defines a section A i (t) of End(E) ⊗ O(−λ i ) and these matrix polynomials commute. Moreover the first column of each A i (t) is just e i . The bundle Z is spanned over each t by 1 and the A i (t), i.e. it is isomorphic to the first column of End(E). The claim follows.
On the other hand the dual of the map ( [11, p. 549] ) and hence the kernel of D * is the bundle of centralisers of (A T , B T ) and, consequently, the cokernel of D is End(E)/Z ⊗ O(2).
Let us write K = (E ′ ) * ⊕ End(E ′ ) ≃ End(E)/Z. As a matrix of endomorphisms of E, it has the first column equal to 0. We can write the two short exact sequences (i.e. (3.2) and the sequence induced by (3.1)) as:
Rational space curves
Let now C be a rational curve. More precisely, we are interested in an open subset X d of the Hilbert scheme Hilb d,0 of subschemes in P 3 with Hilbert polynomial h(n) = dn + 1, consisting of those C ∈ Hilb d,0 which satisfy
The last assumption gurantees, in particular, that X d is smooth. Moreover, the results of Ghione and Sacchiero [5] imply that (iv) is satisfied for all immersed rational curves in
2) and thus curves in X d correspond to sections of p :
(and the map associating a section to a curve is a biholomorphism between X d and the corresponding open subset of the Kodaira moduli space of sections of p, cf. Remark 3.3). Recall the definition of the two sheaves K and T from the previous section.
. In particular, the normal bundle of the corresponding section of p splits as (1) ⊕2d , and so U d comes equipped with a natural complexified hypercomplex structure, i.e. a torsion-free holomorphic connection ∇ with holonomy contained in GL d (C) (where GL d (C) is the subgroup of GL 4d (C) consisting of endomorphisms commuting with action of Mat 2×2 (C) on
The connection ∇ as known as the (holomorphic) Obata connection.
Our main result is: Thus, at a point C of U d , the normal bundle N of the corresponding section s C is isomorphic to a direct summand S of End(E) ⊗ O (1) ⊕2 , i.e. S is a complement of K in T . The summand S can be described as V ⊗O (1), where V is a 2d-dimensional space of pairs (a, b) of d × d matrices with zero entries in the first row and in the first column. Obviously S must remain complementary to K at nearby points. Let (A 0 (t), B 0 (t)) be a pair of matrix polynomials representing the section s C , and let ρ : Mat d×d (C) ⊕ Mat d×d (C) → V denote some fixed projection. Define a map R from K(E) to the total space of V ⊗ O(1) via
where R t denotes the restriction of R to the fibre over t ∈ P 1 . It follows that the induced mapR :
is an isomorphism in a neighbourhood of the section s C . Since V ⊗ O(1) is the twistor space of C 4d , the result follows.
As explained in [4] , Lemma 4.1 allows us to extend ∇ to a meromorphic connection on all of X d with polar set ∆ d = X d \U d . This connection has at most a double pole along ∆ d and in [4] we have identified assumptions which guarantee that ∇ has a simple pole. Translated to our case, this assumption would mean that, for any fibre F of π : P 3 → P 1 , the subset of hyperplane sections of curves C in X d satisfying h 1 (N C/P 3 (−2)) = 0 has codimension 1 in F [d] . We proceed to show that this assumption fails already for d = 4, and therefore it presumably fails also for higher d.
Let d = 4. Ghione and Sacchiero show [5] that the normal bundle of an immersed rational twisted quartic C in P 3 is O(7)⊕O(7) unless C lies on a quadratic cone and has a double point at the vertex of the cone, in which case N C/P 3 ≃ O(6) ⊕ O(8).
Thus we want to show that the subset of hyperplane sections of the latter quartics is open in F [d] . Consider first the quadratic cone given by the equation z 0 z 2 − z with the affine coordinate t = t 1 /t 0 and define P D to be the set of pairs (x 0 (t), x 1 (t)) of degree 4 polynomials passing through each (x i 0 , x i 1 ) ∈ C 2 , i = 1, . . . , 4. Suppose we can find an element of P D of the form (q 0 σ, q 1 σ), where q 0 , q 1 , σ are quadratic polynomials. Let t 0 , . . . , t 4 be the values of t for which (x 0 (t), x 1 (t)) passes through . Then the curve with parametric equations z 0 = q 0 (t)σ(t), z 1 = q 1 (t)σ(t), z 2 = q 2 (t)σ(t),
where q 2 (t i ) = 0, i = 1 . . . , 4, is a curve in ∆ 4 , passing through D. We thus ask for a section of O(4) ⊕ O(4) on P 1 with two zeros and belonging to P D . The dimension of P D is 6 (choose arbitrarily the t i and use the Lagrange interpolation to construct x 0 (t) and x 1 (t); there remains the freedom of adding In the terminology of [4] , X d is equipped with a folded hypercomplex (or rather biquaternionic) structure, which, however, is not logarithmic. This does not preclude the possibility that ∇ has a simple pole along ∆ 4 , as the condition of [4, Lemma 3.4.] could still be satisfied. Currently we do not have an argument either way.
